This paper investigates the impact of a financial turmoil on the performances of traditional, and naive, asset allocation strategies. We compare over a long time span (lasting for the last 60 years) the 1/N portfolio with mean-variance optimal portfolio strategies. Our analyses consider several datasets, and different approaches for the estimation of expected returns, starting from simple historical moments to the use of predictable variables, mean reversion or both. By employing rolling estimation approaches and robust Sharpe ratio testing we determine if during different market volatility states calibrated portfolios perform better than optimally determined allocations.
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Introduction
In the last 30 years we saw a long debate on the performance of various asset allocation strategies when the investor cares only about the mean and the variance of static portfolio returns. In a recent paper, later on (DGU), show that the 1/N asset-allocation rule typically has a higher out-of-sample Sharpe Ratio, a higher certainty-equivalent value, and a lower turnover than several static and dynamic optimal asset allocation policies for different datasets.
As already highlighted by other authors (Hodges and Brealey (1978) , Michaud (1989) , Best and Grauer (1991) , Litterman (2003) , Jagannathan and Ma (2003) ) this result is mostly due to the estimation error problem. This problem could be related, as stressed by Merton (1980) , to the difficulties in estimating the expected returns precisely; or to the uncertain estimates of the variance-covariance matrix (see Green and Hollifield (1992) and Jagannathan and Ma (2003) ).
This issue has been addressed in the literature by the use of Bayesian approaches ((Barry (1974) and Bawa, Brown, and Klein (1979) , Jobson and Korkie (1980 ), Jorion (1985 , 1986 , Pastor (2000) , Pastor and Stambaugh (2000) ), non Bayesian approaches based on moment restrictions and optimal combination of portfolios (Goldfarb and Iyengar (2003) , Garlappi, Uppal, and Wang (2006) , Kan and Zhou (2005) , MacKinlay and Pastor (2000) , Best and Grauer (1992) , Chan, Karceski, and Lakonishok (1999) , and Ledoit and Wolf (2004) ) and portfolio rules that impose constraints on portfolio weights (Frost and Savarino (1988) , Chopra (1993) , Jagannathan and Ma (2003) and ).
However, the analysis of DGU shows that thirteen strategies that try to overcome the estimation problem based on Bayesian approaches, moment restrictions and optimal combination of portfolios, and portfolio rules that impose constraints on portfolio weights are not able out of sample to perform statistically better than the 1/N strategy.
As in DGU the objective of this paper is to understand the conditions under which mean-variance optimal portfolio models can be expected to perform better than the 1/N even in the presence of estimation risk. The perspective that we investigate in this paper is the role of predictability and mean-reversion in allowing mean variance optimal portfolio models to perform better than the 1/N in the short term. We also add a further purpose, by verifying if the introduction of predictability or mean-reversion has an impact on strategy preference during market turmoil.
For this purpose, we investigate whether improving the estimation of the expected returns through the use of predictable variables, mean reversion or both, mean-variance optimal portfolio strategies are able to perform statistically better than the 1/N portfolio.
We concentrate on four mean-variance allocation strategies and on 5 equity datasets.
We considered three models of mean forecast: (i) historical moment, (ii) mean forecast based on different predictor variables: the dividend yield, the short term rate, the term spread, and the credit spread. We consider each separately or all of them jointly (we call this model "predictability"); and (iii) VAR(1) that capture mean reversion. The performances are evaluated using the Sharpe Ratio, and inference in the Sharpe Ratio follows the approach of Ledoit and Wolf (2008) .
Our analysis shows that, even for the short term horizon, exploiting the mean reversion and predictability feature present in some of the datasets allow mean variance strategies to perform statistically better than the 1/N strategy. Differently from DGU, we also analyse the preference relation across strategies on a rolling approach (the paper by DGU can be considered a full sample static comparison). We investigate whether this result is strictly related to the ability of our prediction models to explain the returns of the single assets. The analysis of the R 2 shows that the ability of the model to explain the dynamic of the single asset return is very poor. However, by performing a rolling window analysis of the shape ratio we detected periods where the mean variance strategies perform statistically better and others where they are not statistically different.
The interesting fact is that mean-variance strategies are not statistically different than the 1/N during crisis periods. Ther are potentially two different reasons for this result.
First, the predictability power of the predictor variables disappears during these periods as well as mean reversion effects. Second, data are more noisy, volatility is higher as well as the estimation errors. In general we have that the data generating process that characterizes the dynamic of financial assets returns changes during crisis periods. On the other side we may have that simply the 1/N weights are not so different from the op-timal weights that arise from the mean variance strategies. In order to try to investigate this result we determined the implicit mean that, given the variance covariance matrix we estimate, make the 1/N portfolio the optimal mean variance portfolio. We compared these means with those of our forecasts. We find that when the differences among these parameters are large, the mean-variance strategy is performing statistically better than the 1/N, in the other cases the difference is not statistically significant. The practical implications of our results is that: when the mean reversion model is producing a forecast for the mean that is significantly different than the one implied by the 1/N model, it is worth to implement the optimization strategy, in the other cases it is preferable to adopt the 1/N strategy.
The paper is organized as follows. Section 2 presents the models we use to forecast the mean and the variance-covariance matrix. Section 3 describes the investment sets considered. Section 4 shows the performance evaluation method used. Section 5 presents the results from the full sample and Section 6 those from the rolling window analysis.
Section 7 concludes.
Mean and variance forecasts
We determine optimal portfolios on a monthly basis using several strategies. Most of the strategies we implement determine next month optimal portfolios using the one months ahead forecasts of the assets means and variances.
We denote by X t the n−dimensional vector of monthly log-returns for the assets we monitor, by E t [·] and V ar t [·] the expectation and variance for the relevant quantity made at time t, and with m we indicate the length of the estimation window used. In our analysis we use m = 60 for the main results while the case m = 120 is considered for a robustness check.
We compute next month mean and variance forecasts using four different approaches:
(1) sample means and sample variances over the last m months computed as
(2) mean forecast from a regression model with explanatory variables, and variance forecasts from mean model residuals:
where α and β have been estimated from a linear regression of X t on the k−dimensional vector of predicting variables Z t ;
(3) VAR(1) model (mean reversion only) for the mean forecasts, and variances coming from model residuals:
where α and β have been estimated using a least squares method with robust standard errors;
(4) VARX(1) model (mean reversion and predictability) for the mean forecasts, and variances coming from model residuals:
, where α, β and δ have been estimated using a least squares method with robust standard errors.
Asset Allocation Strategies.
Following Viceira (1999, 2001) , we use data expressed in log-returns to extract expectations about next period mean and variances, while we focus on an allocation problem where the strategy evaluation makes use of percent returns. Given that we use a mean-variance utility function, or a certainty equivalent satisfaction index (see Meucci, 2005) , we can optimize portfolios solving a problem expressed in log-returns but correcting the objective function. The correction makes the results approximately equal to those we could obtain by solving the allocation problem in percent returns.
Following this approach, the maximization problem depends on expected portfolio mean and variances with the following expressions
Portfolio mean and variances are then used within a set of alternative allocation problems.
The first set of strategies that we consider comes from the classical Mean Variance optimization (MV). We maximize a mean variance utility function with risk-aversion 5 coefficient set to 1, 2, 3, 5, 8, 15, 20 and 50. The strategy labels are MV-(A), where (A)
identifies the risk aversion level. All these strategies do not allow for short selling and weights are determined solving the following maximization problem:
The second strategy set considers variations of the Global Minimum Variance portfolio. The first is the general Global Minimum Variance portfolio (denoted as GMV and with strategy label GMV) where the strategy weights are determined solving the following problem:
The second is the Global Minimum Variance with No Short Selling (GMVB), where the strategy weigths are determined solving the following problem:
The third and fourth are the Global Minimum Variance with no Short Selling and Upper Bound over weights set at q% with q equal respectively to 50% and 33%, (GMVB50 and GMVB33):
3 Investment sets
In the empirical comparison of the allocation strategies we considered the following datasets from the website of Kenneth French. In the robustness check of our results, we make use of the same datasets previously described but with a finer market decomposition. The six assets portfolios have been generalized to the 25 assets case by considering intersections between five categories for company Size, Boot-to-Market, Short-term reversal, Momentum, and Long-term reversal. In this case the breakpoints have been fixed according to Fama and French to the equally spaced 20% quantiles. Furthermore, the industry portfolio has been generalized to the 10-assets sectoral decomposition: Consumer Non-durables, Consumer
Durables, Manufacturing, Energy (oil, gas and coal extraction and production), Hi-tech, Telecommunications, Retail, Healthcare, Utilities, Others.
We then consider the following predicting variables: the dividend yield over the The other portfolios are included in the analysis for completeness and given the objective of the paper, i.e. that exploiting the mean reversion and predictability feature present in some of the datasets allow mean variance strategies to perform statistically better than the 1/N strategy. Furthermore, the introduction of Momentum and Shortterm reversal is interesting given the purpose of evaluating strategy preference during large market movements (market turmoil), since those portfolios would have a faster reaction compared to portfolios based on Industries or on Long-term reversal.
4 Performance evaluation
The performance evaluation methodology we use is the same as the one adopted by DGU. First we choose a window for estimating the parameter based on 60 months (in the robustness section we consider also a window of 120 months). Second, we estimate the parameters over the estimation window for the particular meand and variance forecast model we consider, let indicate m indicate a particular mean and variance forecast method with m = 1, 2, 3. Third, using the estimated parameters we calculate the weights of the asset allocation strategy considered. Let k to indicate one of the 13 strategies considered. Fourth, we calculate the return R m,k t from holding the portfolio with these weights over the next period, t, that is, out-of-sample. Fifth, we repeat this procedure for the next period, using a "rolling-window" approach, i.e. by including the data for the new date and dropping the data for the earliest. We repeat this procedure till the end of the dataset is reached. At the end for each strategy and each mean and variance forecast methodology we have the time series of the T returns determined out of sample that we represent with the vector R m,k . The initialization of the procedure creates a reduction in the sample dimension (60 months are needed in order to obtain the first out-of-sample forecast). All strategies and models provide an evaluation sample with length T=633 (when dealing with the 120 months window, the sample size reduces to T=573 observations).
The performance evaluation si based on two different analysis: (i) the T out of sample observation and (ii) on a rolling window of the out of sample portfolios returns with a size of M months.
In the first case, from the out of sample return vector R m,k we calculate the mean, However, when we analyse for a given dataset if the Sharpe Ratios of a given strategy is statistically different than the 1/N strategy, we have that for the Industry database the null hypothesis is accepted for both the 60 and 120 months estimation window.
Differently, for the other datasets, the results are influenced by the estimation strategy.
If we consider sample moments, we have limited evidences (at the 5% confidence level)
for Mean-Variance strategies beating the 1/N for the Size and Momentum and Size and Short-Term reversal datasets (the result is valid for 60 and 120 months estimation period, and somewhat stronger for Size and Momentum with the longer estimation period).
Results for the model with predictability are similar, and include also some cases (still at the 5% confidence level) also for the Size and Book-to-Market dataset. However, there is a much stronger evidence for a preference of Mean-Variance strategies compared to the equally weighted ones when we focus on the model with Mean-Reversion. Such a result is particularly evident for Size and Momentum and Size and Short-term reversal datasets.
Again this is confirmed by varying the estimation sample size. Finally, if we include both mean-reversion and predictability, only for the datasets including Momentum and Short-term reversal we note a statistical preference for Mean-Variance strategies with respect to the 1/N. This indicates that mean variance strategies are preferred when the asset allocation is based on Size, Momentum and Short-term reversal, i.e. in presence of mean reversion.
This suggests that the predictability effect is less relevant, and also point out that the introduction of a larger number of parameters creates an increase of the estimation error that might affect the benefits coming from the mean-reversion component of the model. In conclusion is preferable to exploit the mean-reversion effect and that the use of predictor variables has the negative effect of increasing the estimation error.
All the previous results are confirmed if we consider the Fama-French datasets composed by 25 portfolios instead of 6 portfolios. However, overall, we have as in DGU that there is not a strategy that among all the different datasets is always performing better than the 1/N with many cases of strategy equivalence. Moreover, the predictability component plays only a limited role, while the possible presence of mean-reversion seems to be more relevant.
The results on the mean-reversion is however quite surprising and we investigate the reason for this. We investigate first the relevance of the mean reversion in the full sample estimation of the models. If we consider the Size and Book-to-Market sample we have that the portfolio-specific R 2 is very low: it ranges from 3.50% to 5.93%. If we consider the Industry dataset, the R 2 is quite similar, it ranges from 2.52% till 6.31%. If we consider the R 2 evaluated on rolling samples of 60 or 120 months, the relevance of predictability and mean-reversion sensibly change over time. Figure 1 reports an example.
Furthermore, if we analyse the number of coefficients that are statistically significant in the mean-reversion specification, we find that they largely depend on the period considered. In fact, there are sample periods where almost one half of the coefficients are statistically significant and others where this number is zero. These results indicate that there are sample periods where there is a possibility of exploiting the mean reversion feature, even if in the full sample this feature is not so relevant. Moreover, when such a feature is stronger, the model estimation error reduced and optimal mean-variance strategies over-perform the 1/N naive strategy.
In summary, one key aspect of our result is that not only the number of observation in the sample period considered is relevant, as stressed by DGU, but also the period considered.
[FIGURE 1] 6 Rolling performance evaluation and market volatility In order to identify the reasons of the previous result, we repeat the Sharpe Ratio test for a rolling window of 5 years and 10 years. For each sample we performed the robust test of Ledoit and Wolf (2008) for the equivalence of the Sharpe Ratios of the 1/N strategy and of an optimized strategy. Using a rolling approach on 60 months, we have a time series of T=525 evaluations points. In this case our analysis is implicitly biased toward accepting the null hypothesis. In fact, the estimation errors increase when the number of observations are lower.
As we expect, the strategy preference (or equivalence) is influenced by several factors:
the indices used, the model adopted, and the estimation window size. As illustrative example, Figure 2 reports the p-values for the test of Ledoit and Wolf (2008) . P-values lower than 10% suggest a preference for the optimized strategies, while p-values larger than 90% suggest a preference for the equally weighted portfolio. Table 1 summarizes the frequency of strategy preference across datasets, strategies and estimation window size. In general, we observe that in most cases there is a preference for either the 1/N or the optimized strategy is less than 50% of the estimates. However, if we compare results across the optimized strategies, we note the following elements: in most cases the frequency of preference for optimized strategies is larger than that of the equally weighted portfolio; the introduction of mean-reversion sensibly increases the frequency of preference for Mean-Variance strategies and is only marginally affecting the preference for Global Minimum Variance strategies; as a consequence of this second element, the preference for the equally weighted portfolio decreases when mean-reversion is included in the model. Moreover, results also differ across datasets. The preference for optimized strategies is larger for the Size and Book-to-Market and for the Size and Momentum cases. In the Size and Short-term reversal, results are quite different from the other when considering the Global Minimum Variance portfolio. We motivate this finding by the fact that the French indices are created taking into account the previous month return, thus something strongly related to the mean-reversion. Therefore, it is not surprising that the 1/N is here quite frequently preferred.
[FIGURE 2]
In order to further relate the strategy preference to the entire equity market volatility, we evaluate the strategy preference relations when the equity market is in the high- We thus report in Table 1 the percentage of strategy preference over the last highvolatility period and over all the other high-volatility periods. Results indicate that, during the recent financial crisis, the large market volatility strongly affected the model estimation leading to a large estimation error, that is to a very large uncertainty about the mean and variance forecasts. Therefore, in most cases the performances of the 1/N strategy and of the optimized strategies turn out to be statistically equivalent. This is due both to the increase of the estimation error, potentially harming the performances of the optimized strategies, as well as to the large market volatility, that influences the asymptotic properties of the test statistic.
If we compare the strategy preference over the last high volatility period to that observed over previous high volatility occurrences, results are mixed but the most common 13 outcome is related to an increase in the preference for 1/N portfolios of for an increase in the equivalence across portfolio performances. Such a result points at the effect of model estimation error that induce poor performances on optimized strategies. As a result, during turbulent market periods, equally weighted portfolios seem to be a good compromise between the need for diversification and the search of performance.
Conclusions
Our analysis shows that exploiting the mean reversion and predictability feature present in some of the datasets allow mean variance strategies to perform statistically better than the 1/N strategy. Our investigation on the R 2 shows that this result is not strictly related to significant ability of the model to explain the dynamic of the single asset return. The key determinant is the presence of prediction that implies weights largely different than the 1/N weights. When these differences are not so large, optimal meanvariance strategies do not perform statistically better than the naive strategy based of equally weighted portfolios. The rolling window analysis of the shape ratio shows that there are periods where the mean variance strategies perform statistically better and others where they are not statistically different. This means that there are only some periods where mean reversion really matters for asset allocation strategies. The practical implications of our results is that when the mean reversion model is producing a forecast for the mean that is significantly different than the one implied by the 1/N model, it is worth to implement the optimization strategy, in the other cases it is preferable to perform the 1/N strategy. Sadly, crisis periods are those where usually mean variance optimal strategies, given the large estimation errors, present optimal weights that are very similar to the 1/N naive strategy. The figure reports the P-value for testing the equivalence of the mean-variance strategy without short selling and of the equally weighted portfolio. We consider the Size and Momentum portfolios, the risk aversion has been set to 3 and the mean and variance forecasts have been set equal to the sample moments, to the model with predictability and to the one with mean reversion. Results are based on a 60 months rolling window.
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